ABSTRACT. We give a fairly complete solution to the asymptotic Plateau Problem for minimal surfaces in H 2 × R. In particular, we identify the collection of finite Jordan curves in ∂ ∞ (H 2 × R) which bounds a minimal surface in H 2 × R.
INTRODUCTION
Asymptotic Plateau Problem asks the existence of a minimal surface Σ in H 2 × R for a given curve Γ in ∂ ∞ (H 2 × R) with ∂ ∞ Σ = Γ. We will call a finite collection of disjoint Jordan curves Γ in ∂ ∞ (H 2 × R) fillable, if Γ bounds a complete, embedded, minimal surface S in H 2 × R with ∂ ∞ S = Γ. We will call Γ strongly fillable if Γ bounds a complete, embedded, area minimizing surface Σ in H 2 × R with ∂ ∞ Σ = Γ. In our previous papers [Co1, Co2] , we finished the classification of strongly fillable curves in ∂ ∞ (H 2 × R). In this paper, our aim is to classify fillable curves in ∂ ∞ (H 2 × R). In the past decade, minimal and CMC surfaces in H 2 × R have been studied extensively, and many important results have been obtained by the leading researchers of the field, e.g. [NR, CHR, CR, CMT, FMMR, HMR, HRS, KM, MMR, MoR, MRR, PR, RT, ST1, ST2] .
Let Γ be a finite collection of Jordan curves in ∂ ∞ (H 2 × R). Define Γ ± = Γ ∩ (H 2 × {±∞}). We call Γ an infinite curve if either Γ + or Γ − is nonempty. We will call Γ a finite curve otherwise. In particular, Γ is a finite curve if Γ belongs to the open cylinder at infinity, i.e. S 1 ∞ × R. In this paper, we will focus mostly on finite curves in ∂ ∞ (H 2 × R). In [ST1] , Sa Earp and Toubiana gave an obstruction for Γ in ∂ ∞ (H 2 × R) to be fillable, i.e. having a thin tail (See Lemma 2.4). In this paper, we will show that this is the only obstruction for a finite curve to be fillable, and complete converse of their statement is true. Theorem 1.1. Let Γ be a finite collection of pairwise disjoint finite Jordan curves in ∂ ∞ (H 2 × R). Then, Γ bounds an embedded minimal surface in H 2 × R if and only if Γ has no thin tail.
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The outline of the proof is as follows: Only if part was already proven in [ST1] (Lemma 2.4). To show the existence of an embedded minimal surface bounding a finite curve Γ in S 1 ∞ × R with no thin tail, we will construct a mean convex domain X in H 2 × R with ∂ ∞ X = Γ. In particular, we will construct a barrier Y near ∂ ∞ (H 2 ×R)−Γ such that ∂ ∞ Y = Γ c . Then, define X = Y c . For the barrier Y, we use two building blocks. For vertically tall parts of Γ, we will use tall rectangles just like in [Co1] . For the vertically short parts of Γ, we will use minimal annuli constructed in [FMMR] . After getting the mean convex domain X , we will construct a sequence {Σ n } of area minimizing surfaces in compact subdomains X n of X by solving the Plateau problem for γ n ⊂ ∂X n . As γ n → Γ, we will have a sequence Σ n → Σ where ∂ ∞ Σ = Γ. Σ is an area minimizing surface in X , and hence a minimal surface in H 2 × R. On the other hand, we will discuss fillability question for infinite curves in ∂ ∞ (H 2 ×R), and give many fillable, and non-fillable examples. In particular, in Corollary 4.4, we will give a slight generalization of the strong fillability result in [Co2] . Furthermore, we will construct various non-fillable infinite curves in Section 4.2.
The organization of the paper is as follows. In the next section, we give some definitions, and overview related results on the fillability and strong fillability questions. In Section 3, we will prove our main theorem (Theorem 1.1) for finite curves. In Section 4, we will discuss fillable and nonfillable infinite curves in ∂ ∞ (H 2 × R), and prove various results. Finally, in Section 5, we will discuss remaining open questions, and give some concluding remarks.
PRELIMINARIES
In this section, we will give the basic definitions, and a brief overview of the past results which will be used in the paper.
Throughout the paper, we use the product compactification of H 2 × R. In particular, H 2 × R = H 2 × R = H 2 × R ∪ ∂ ∞ (H 2 × R) where ∂ ∞ (H 2 × R) consists of three components, i.e. the infinite open cylinder S 1 ∞ × R and the closed caps at infinity H 2 × {+∞}, H 2 × {−∞}. Hence, H 2 × R is a solid cylinder under this compactification.
Let Σ be an open, complete surface in H 2 × R, and In this paper, we will study the Jordan curves in ∂ ∞ (H 2 × R) which bounds a complete, embedded, minimal surfaces in H 2 × R. Throughout the paper, when we say a curve in ∂ ∞ (H 2 × R) we mean a finite collection of pairwise disjoint Jordan curves in ∂ ∞ (H 2 × R).
Definition 2.2 (Fillable Curves). Let Γ be a curve in ∂ ∞ (H 2 × R). We will call Γ fillable if Γ bounds a complete, embedded, minimal surface S in H 2 × R, i.e. ∂ ∞ S = Γ. We will call Γ strongly fillable if Γ bounds a complete, embedded, area minimizing surface Σ in H 2 × R, i.e. ∂ ∞ Σ = Γ. We call such S or Σ as filling surface for Γ.
Notice that a strongly fillable curve is fillable since any area minimizing surface is minimal. The asymptotic Plateau problem for H 2 × R is the following classification problems:
Throughout the paper, we will use the following notation for the curves at infinity.
± is a collection of closed arcs and points in the closed caps at infinity, where Γ is a collection of open arcs and closed curves in the infinite open cylinder. With this notation, we will call a curve Γ finite if Γ + = Γ − = ∅. In other words, Γ is a finite curve if Γ belongs to the open cylinder at infinity S 1 ∞ × R. We will call Γ infinite otherwise. One of the most interesting properties of the asymptotic Plateau problem in H 2 × R is the existence of non-fillable curves. While any curve Λ in S 2 ∞ (H 3 ) is strongly fillable in H 3 [An] , Sa Earp and Toubiana showed that there are some non-fillable
Definition 2.3. [Thin tail] Let Γ be a Jordan curve in ∂ ∞ (H 2 × R), and let τ be an arc in Γ. Assume that there is a vertical straight line
In particular, this result implies that if Γ is a nullhomotopic simple closed curve in S 1 ∞ × R which is contained in an open slab of height π (i.e. Γ ⊂ S 1 ∞ ×(c, c+π)), then there is no complete minimal surface Σ in H 2 ×R with ∂ ∞ Σ = Γ. On the other hand, if you remove the nullhomotopic condition on the curve Γ contained strictly in a slab of height π, Collin, Hauswirth and Rosenberg have recently obtained interesting results on the minimal surfaces they bound in H 2 × R [CHR] . The above result shows that the curves with thin tail cannot be fillable. Hence, to bypass this obstruction, we introduced the following notion in [Co1] .
∞ × R with the coordinates (θ, t) where θ ∈ [0, 2π) and t ∈ R. We will call the rectangle
Notice that if Γ is a tall curve, then it cannot contain a thin tail. Note also that this definition naturally generalizes to infinite curves [Co2] . In [Co1] , we also defined the height of a curve, h(Γ), as the length of the smallest component in vertical line segments in S 1 ∞ × R − Γ. Hence, Γ is tall if and only if h(Γ) > π.
Finite Curves.
In this part, we will overview the basic results for finite curves. In [Co1] , we gave a fairly complete classification of strongly fillable finite curves as follows.
is strongly fillable if and only if Γ is a tall curve.
For our main result, we need the following lemma describing the local structure of finite curves with no thin tail. We call an embedded arc α in S
We call an embedded arc β in S 
Proof:
Let Γ be a Jordan curve in S 1 ∞ × R with no thin tail. First, remove all the graphical segments in Γ. Then, we will be left only vertical arcs of the form ν i = {θ i } × I i . Now, for each vertical arc ν i , enlarge the piece by continuing in Γ from the endpoints by shortening the graphical piece attached. Now, remove all the segments ν i where |I i | ≥ π. We claim that any remaining arc ν j in Γ is a short vertical segments. In particular, we need to rule out the case, where ν j does not turn in the same side at the endpoints of {θ j } × I j .
Let Π :
. This is because in that case it implies ν j turns to the same side at the endpoints of {θ j } × I j . This means ν j is a "thin tail" by Definition 2.3 as ν j completely lies in one side of the vertical line {θ j } × R. By assumption, Γ does not contain any thin tail. The proof follows. 
Γ
h < π FIGURE 1. In the figure left, α is a graphical segment, β is a tall vertical segment, γ is a short vertical segment, and τ is a thin tail. In the figure right, Γ is a butterfly curve, i.e. a short curve with no thin tail.
Remark 2.8 (Butterfly Curves). A reasonable question at this point is whether tall condition is equivalent to no thin tail condition for a curve Γ in ∂ ∞ (H 2 × R). In [KM, Co1, Co2] , the authors constructed short curves (h(Γ) < π) with "no thin tail". These examples are called butterfly curves (See Figure  1-right) . In particular, since being tall is necessary condition to bound a area minimizing surface in H 2 × R, these curves are a nice family of examples which are fillable, but not strongly fillable. In particular, "tall" implies "no thin tail", but the converse is not true.
Infinite Curves.
In this part, we will give basic background for the infinite curves in
In this paper, we will adapt the notation in [Co2] for infinite curves. For further details, and examples, see [Co2] .
We will decompose Γ ± into two parts:
In particular, if nonempty, Γ ± g will be a collection of arcs in H 2 × {±∞}. The subscript g corresponds to the term "geodesic", which will be clear later (Lemma 4.1).
Let
Here, the subscript c correspond to the term "corner". In particular, Γ Infinite Rectangles: Let γ be a complete geodesic in H 2 with ∂ ∞ γ = {p, q}. Let α be one of the two arcs in S 1 ∞ (H 2 ) with endpoints p and q.
. We will call an infinite curve Γ in ∂ ∞ (H 2 × R) tame if Γ ± has finitely many components. Otherwise, we will call Γ a wild curve. Note that throughout the paper, all curves are assumed to be tame unless otherwise stated.
FILLABILITY OF FINITE CURVES
In this section, we will show that if a finite curve Γ in S 1 ∞ × R does not have a thin tail, then it bounds an embedded minimal surface Σ in H 2 × R, i.e. ∂ ∞ Σ = Γ. Before proving our main result, we need some lemmas.
First, we will give a lemma on the existence of minimal annuli proved in [FMMR] . This is one of the key results for our barrier construction. We need some notation: Let γ ± be a pair of horizontal Jordan curves in S 1 ∞ ×R, which are graphs over S
By [FMMR, Co2] , we know that if γ + and γ − are vertically π-apart, then Γ = γ + ∪ γ − cannot bound a connected minimal surface. Hence, we will restrict our pair of curves as follows:
Now, let A to be the space of properly embedded minimal annuli A with ∂A ∈ C. Let Π : A −→ C where Π(A) := ∂A is the natural projection map. Now, consider the subspaces C m ⊂ C π and A m of boundary curves, and minimal annuli which are invariant under the discrete group of isometries generated by the rotation R m by angle 2π/m about the axis {O} ×R. Then, the authors proved the following result. In particular, even though Π : A → C π may not be surjective, if the boundary curve Γ ∈ C π has some rotational symmetry, then it bounds a minimal annulus A in H 2 × R. We will use this lemma several times in our construction of barrier near infinity in our main result.
, we can extend γ ± in S 1 ∞ × R so that γ ± ⊂ Γ where Γ ∈ C 2 . Then, by Lemma 3.1, there exists an embedded annulus A in H 2 × R with ∂ ∞ A = Γ and γ ± ⊂ Γ. The proof follows.
Our main result is as follows: Proof: By Lemma 2.4, we know that if Γ has a thin tail, then Γ bounds no minimal surface in H 2 × R. Hence, "only if" part is already done. Now, we will finish the proof by showing that if Γ has no thin tail, Γ bounds a minimal surface in H 2 × R.
Step 1: There exists a mean convex domain X in H 2 × R with ∂ ∞ X = Γ.
Proof of
Step 1:
The idea is to construct a barrier region Y near infinity with ∂ ∞ Y = Ω. In particular, we will construct a collection of minimal surfaces Σ i which separates an open region
Then, we will cover Ω with such open regions D i , i.e. Ω = D i . Then, Y = Y i will give us the desired barrier near infinity with ∂ ∞ Y = Ω. Then, we define X as the complement of Y, i.e. X = H 2 ×R−Y. We finish the proof by showing that X is indeed mean convex, and ∂ ∞ X = Γ. We separate this step into two steps as follows:
Step 1a: We can cover Ω in S 1 ∞ × R with tall rectangles, and pieces of short annuli.
First, we will start with covering Ω with tall rectangles.
. Consider all the tall rectangles R i contained in Ω, i.e. int(R i ) ⊂ Ω. Let T i be the corresponding unique minimal surface, and let R i be the corresponding region, i.e.
∞ , and the vertical distance between γ + j and γ − j is ≤ π. Furthermore, we can assume that 0 < θ
by splitting γ ± j further if necessary. Notice that any γ ± j is either a graphical segment, or a short vertical segment by Lemma 2.7. By construction, all tall vertical segments in Γ is in U . Hence, no γ ± j is a tall vertical segment.
We can cover (Ω − U) = j B j with pieces of embedded minimal annuli.
We will have 3 cases. If both γ + j and γ − j are graphical segments, then 0 < u
Hence, we can describe 3 cases as follows:
(1) Both γ ± j graphical, and h j < π, (2) Both γ ± j graphical, and h j = π, (3) Either γ ± j is a vertical short segment. Case I: Both γ ± j are graphical segments, and h j < π. We claim that there exists a minimal annulus Figure 2 . We will call the region V j between η + j and η − j a mouth piece by its shape . By construction the mouth piece V j is in Ω. Now, smoothly extend the pair of arcs η ± j in both sides with a pair of very close horizontal arcs, and by using a reflection obtain a rotationally symmetric (R 2 −symmetric) pair of Jordan curves Figure  2 , green horizontal arcs represents these horizontal extensions. Notice that while η ± j is in Ω, the horizontal green arcs may not be in
. Then, by Lemma 3.1, there exists an embedded minimal annulus A j in H 2 × R with ∂ ∞ A j = Λ j . Let A j be the closed
[Mouth Piece] Red arcs are graphical segments γ ± .
Blue arcs are extensions β ± and µ ± of γ ± in Ω. Green arcs are horizontal extensions to define Λ ± .
FIGURE 3. [Covering by Mouth Pieces] For each γ ± i , we define an annulus A j and mouth piece V j ⊂ A j . In the figure above, V 1 bounded by green pair of arcs, V 2 bounded by blue pair of arcs, and V 3 bounded by purple pair of arcs.
In particular, for any short region B j in Ω, we defined a mouth piece V j with B j ⊂ V j . See Figure 3 . Case I follows.
Case II: Both γ ± j are graphical segments, and h j = π. We cannot repeat Case I, as h j = π, Lemma 3.1 does not apply here. We will bypass this problem with a simple modification. Let u For simplicity, we will assume only γ + j is a vertical short piece, and h j = sup θ B j ∩ {θ} × R < π. Later, we will address the h j = π case, and both γ ± j are vertical short piece case.
Let γ + j be a vertical short piece, and γ − j be a graphical piece. Also, assume h j < π. Let {λ 
Then, again we can extend ∂ " V n to a rotationally symmetric curve " Λ n for any n. Then, we get an embedded minimal annulus Step 1b: Construction of mean convex domain X with ∂ ∞ X = Γ.
Step 1b: Now, we will use the tall region U and the mouth pieces above to construct the barrier Y where ∂ ∞ Y = Ω.
The first piece of the barrier is U, the union of tall rectangles in Ω where U = ∂ ∞ U. For the remaining part Ω − U = j B j , we will use the mouth pieces V j which belongs to short annulus A j constructed in Step 1a.
Consider the rotationally symmetric embedded minimal annulus A j constructed in Case I in Step 1a with ∂ ∞ A j = Λ j . A j will separate a region W j which is topologically solid torus. In particular, ∂ ∞ W j ⊃ B j . Now, we will use only a part of W j for our barrier Y. Recall that the main part of ∂ ∞ A j = Λ j is the pair of arcs η . Now, consider the vertical geodesic plane P j = τ j × R. Let V j be the component of W j − P j where ∂ ∞ V j ⊃ B j . Notice that the asymptotic boundary of the region V j is the mouth piece V j defined for B j , i.e. ∂ ∞ V j = V j .
By construction of A j , the horizontal arcs in Λ j are very close (2δ j -apart) to each other. Since we can choose δ j > 0 as small as we want, we can make sure that infinite arcs in P j ∩ A j are very 'close' to the asymptotic cylinder S 1 ∞ × R in Euclidean sense. We call these the tips of V j . Similarly, from each annuli A j constructed in Case II, and Case III in
Step 1a, define a region analogous to V j as above. In particular, for annuli A
Now, as Γ is a finite curve, we can assume that
Hence, we have X is a closed domain in H 2 × R with ∂ ∞ X = Γ. We will finish the proof of Step 1, by showing that X is mean convex. Since all the surfaces we used in the construction of Y is minimal, we only need to check the dihedral angle at the nonsmooth part of ∂Y, i.e. intersections of these minimal surfaces in ∂Y. In particular, we need to make sure that the minimal surface pieces in ∂Y continues towards inside Y, not outside of Y. For U part this is clear, as the asymptotic boundaries of tall rectangles are in Ω.
For short annuli pieces in ∂Y, we can see this as follows. Since the tips of the V j are very 'close' to S 1 ∞ × R in Euclidean sense, these tips will belong to inside of V j−1 and V j+1 by construction. Hence, the minimal annulus in ∂V j will continue in the minimal annulus A j towards inside Y. In other words, the minimal annulus A j will continue inside V j−1 and V j+1 , after the intersection A j ∩ A j−1 and A j ∩ A j−1 in ∂Y. This shows that the dihedral angle toward X along the arcs A j ∩ A j−1 and A j ∩ A j−1 is less than π, and X is mean convex along these arcs.
On the other hand, for the annuli A Figure 4 . Finally, for the minimal annuli A n in the Case III, we see that the union of regions n V n will give a smooth minimal surface away from the tips by construction. Again, the tip regions will belong to the neighboring regions. The case follows as before.
This proves that the domain X is mean convex.
Step 1 follows.
Step 2: There exists an area minimizing surface Σ in X with ∂ ∞ Σ = Γ.
Step 2: In this part, we will construct a sequence of compact area minimizing surfaces {Σ n } in the mean convex domain X in H 2 × R, where ∂Σ n → Γ = ∂ ∞ X . Then, by extracting a limit area minimizing surface Σ in X with ∂ ∞ Σ = Γ, we will finish the proof.
In particular, Π(θ, t) = (θ, t) for any θ ∈ S 1 , and t ∈ [−n, n]. Then, define γ n = Π n (Γ). By construction, γ n ⊂ ∂X n . Let Σ n be the area minimizing surface in our compact domain X n with ∂Σ n = γ n . By regularity theorem of geometric measure theory, Σ n is embedded for any n. Since X n is mean convex, then Σ n ∩ ∂X n = γ n by the maximum principle. This implies Σ n is a smoothly embedded surface in X n . Hence, {Σ n } gives us a sequence of compact, embedded, area minimizing surfaces in X . Now, by using compactness theorem of geometric measure theory [Fe] , {Σ n } will give us a nonempty limit Σ which is an area minimizing surface in X with ∂ ∞ Σ = Γ. In particular, consider Σ m n = Σ n ∩ B m . For any fixed m, we will get an infinite sequence of surfaces {Σ m n } in B m , which has area bound by ∂B m . Then, for any fixed m, Σ m n → Σ m ⊂ B m . Then, by using diagonal sequence argument, we obtain a limit area minimizing surface Σ in X with ∂ ∞ Σ = Γ by construction. The proof of Step 2 follows.
Since Σ is an area minimizing surface in the mean convex domain X , it is a smoothly embedded minimal surface in H 2 × R with ∂ ∞ Σ = Γ. The proof of the theorem follows.
Remark 3.4. Notice that even though Σ is an area minimizing surface in X , it may not be an area minimizing surface in H 2 × R. This is because while X is mean convex, but it may not be a convex domain in H 2 × R.
FILLABLE AND NON-FILLABLE INFINITE CURVES
In this part, we will see that fillability question is quite different for infinite curves. In particular, for a given infinite curve Γ, we will show that Γ ± may not be very useful to detect whether Γ is fillable by constructing examples and non-examples.
Recall that
± and Fillability. The first observation is that for any infinite fillable curve with Γ
must be a collection of geodesics in H 2 × {±∞}.
A trivial remark at this point is that for any given collection of disjoint geodesics γ 1 ∪ ... ∪ γ n in H 2 × {+∞}, there is an infinite fillable curve Γ with Γ + = γ 1 ∪...∪γ n . In particular, if P i = γ i ×R is the vertical plane over γ i , then S = P 1 ∪ ... ∪ P 2 is a collection of minimal planes, and Γ = ∂ ∞ S would be a fillable curve with Γ + = γ 1 ∪ ... ∪ γ n . So, only Γ + (or only Γ − ) is not useful to detect if Γ is fillable or not.
Furthermore, the following result by [Co2, Corollary 4.3] shows that both Γ + and Γ − together is not enough to determine whether Γ is fillable or not. In particular, for any given Γ 
Now, we will look at the properties of infinite fillable curves. First, we start with the classification result for strongly fillable curves from [Co2] .
strongly fillable if and only if all of the following conditions satisfied:
• int(Γ ± ) is a collection of geodesics (possibly empty).
• Γ is tall.
• Γ is nonoverlapping at the corner. • Γ is fat at infinity.
Notice that any strongly fillable curve is fillable. Hence, by considering above classification result, a good question would be the following: Which of the key properties above is also necessary for fillable curves?
First, notice that by combining the techniques in our main theorem with this result, we can get a slight generalization of the result above for the "if" (existence) part.
Then, Γ is fillable if Γ satisfies the following conditions:
collection of geodesics (possibly empty). • Γ contains no thin tail.
• Γ is nonoverlapping at the corner.
• Γ is fat at infinity.
Proof: Notice that only difference with Lemma 4.3, is that "tall" condition is replaced with "no thin tail" condition. In the proof of Lemma 4.3 in [Co2] , the construction of the barrier for Γ c is done by using tall rectangles. Now, with "no thin tail" condition, the barrier for Γ c in S 1 ∞ × R can be constructed by the techniques in the proof of Theorem 3.3. In particular, we can use both tall rectangles, and minimal annuli in the proof of Theorem 3.3 for the mean convex domain. Then, by solving the asymptotic Plateau problem in the constructed mean convex domain will give us a minimal surface Σ in H 2 × R with ∂ ∞ Σ = Γ. Now, the natural question would be the converse of this result. Which conditions in this corollary is indeed necessary conditions for Γ to be fillable. First, we recall the being geodesic at the caps at infinity property of infinite fillable curves, given in Lemma 4.1. Hence, if a component of Γ ∩ (H 2 × {±∞}) is not a geodesic, Γ cannot bound a minimal surface in H 2 × R.
Next property is about being nonoverlapping at the corner. In particular, if Γ contains an interval in the corner circles S 1 ∞ × {±∞}, it cannot bound a minimal surface in H 2 × R.
Lemma 4.5. If Γ is an infinite fillable curve in ∂ ∞ (H 2 × R), then Γ must be nonoverlapping at the corner.
Proof: Assume Σ is a minimal surface in H 2 × R with ∂ ∞ Σ = Γ. As Γ is a finite collection of Jordan curves in
We claim that Γ 
. By [Co1] , each R t bounds a unique area minimizing surface T t with ∂ ∞ T t = R t for t ∈ (π, ∞). Note that as h(R t ) = t is the height of the rectangle R t , then h(R t ) ր ∞ when t ր ∞.
where c 2 − c 1 > π, and let R = ∂ R, a finite tall rectangle. Let T be the unique area minimizing surface in H 2 × R with ∂ ∞ T = R. We claim that if Γ ∩ R = ∅, then Σ ∩ T = ∅. Assume not. Let ∆ be the open region in H 2 × R separated by T , where ∂ ∞ ∆ = int( R). We claim that we can foliate the region ∆ by minimal planes. 
Hence, as T t → ‹ T when t → ∞, for sufficiently large t 0 , T t 0 ∩ Σ = ∅. This is a contradiction as we showed that Σ ∩ T t = ∅ for any t > π. This shows that Γ can not contain any interval in S 1 ∞ × {±∞}. The proof follows.
The final property from Lemma 4.3 to check for fillability is being fat infinity. In other words, is being fat infinity a necessary condition for a curve Γ in ∂ ∞ (H 2 × R) in order to be fillable? We refer to [Co2] for definitions of fat at infinity, and skinny at infinity for a curve in ∂ ∞ (H 2 × R). Lemma 4.2 gives a negative answer to this question, as for any collection of disjoint geodesics Λ ± in H 2 × {±∞}, it is possible to find a fillable curve Γ with Γ ± = Λ ± . This means being fat or skinny at infinity does not tell us anything for Γ being fillable.
We can summarize our results in the following corollary:
must be a (possibly empty) collection of geodesics, and Γ must be nonoverlapping at the corner.
In the next part, we will give some examples of non-fillable infinite curves which holds the conditions in the corollary above.
Examples of Non-fillable Curves.
Now, the question is the following: Are there non-fillable curves Γ in ∂ ∞ (H 2 × R) which holds the conditions in the Corollary 4.6, and with no thin tail? In this section, we will give nontrivial examples of such nonfillable curves. First, we need to define Scherk Curves.
Scherk Curves. Now, we recall the results on Scherk graphs in H 2 × R by [CR] . These are minimal graphs over ideal 2n-gons in H 2 where the graph takes values +∞ and −∞ on alternating sides. In particular, let ∆ be a closed ideal 2n-gon in H 2 . Let V = {p 1 , p 2 , ..., p 2n } ∈ S 1 ∞ be the set of ideal vertices of ∆ which are circularly ordered. Let α i be the geodesic with α i = −−−−→ p 2i−1 p 2i and β i be the geodesic with 
where l p is the vertical line {p} × R in S 1 ∞ × R. We will call the asymptotic boundary ξ of a Scherk graph a Scherk curve in ∂ ∞ (H 2 × R). See Figure  6 -left.
Notice that Σ is also an area minimizing surface in H 2 × R because the family of surfaces {Σ t | t ∈ R} foliates the convex region ∆ × R where Σ t is the t vertical translation of Σ (See [Co2] for further details). 
Proof:
The proof is a straightforward application of the maximum principle. Assume that there exists a minimal surface Σ with ∂ ∞ Σ = Γ. Let S 0 be a Scherk graph with ∂ ∞ S 0 = ξ. Parametrize all Scherk graphs bounding ξ such that for t ∈ R, S t = S 0 + t vertical translation of S 0 by t. Then, for any t, ∂ ∞ S t = ξ, and the family {S t } foliates the convex region
Without loss of generality, assume ∆ Proof: Fix a Scherk curve ξ in ∂ ∞ (H 2 × R). It is straightforward to construct a curve Γ trapped by ξ such that Γ is both nonoverlapping at the corner, and Γ ± g is a union of geodesics. Furthermore, we can also make Γ tall. Then, by Lemma 4.7, Γ cannot bound a minimal surface in H 2 × R. The proof follows.
As it can be seen, trapped curves gives a large family of infinite curves which are non-fillable. Many potential properties to identify infinite fillable curves can be tested by this family. Notice that a connected trapped curve Γ is automatically skinny at infinity by construction (see [Co2] ). We will discuss this interesting observation in the next section.
FINAL REMARKS
In this part, we will discuss some interesting questions, and give concluding remarks. With Theorem 3.3, we gave a complete classification of fillable curves for finite curves. In Section 4, we discussed the fillability question for infinite curves, and gave several examples, and non-examples. These examples show that fillability question for infinite curves is highly different.
In Corollary 4.4, we proved that if Γ ± is fat at infinity, collection of geodesics, and non-overlapping at the corner, and furthermore, if Γ contains no thin tail, then Γ bounds a minimal surface in H 2 × R. For the converse side, in Corollary 4.6, we proved that two of these conditions are also necessary conditions: Γ ± is a collection of geodesics, and nonoverlapping at the corner. Our result Lemma 4.2 shows that being "fat at infinity" cannot be a necessary condition for Γ to be fillable.
These results raise the following question: What are the examples of infinite fillable curves which are "skinny at infinity"? Of course, the product examples like Σ = {γ 1 ∪ γ 2 } × R are trivial examples. What if we also impose the condition that the surface is connected, or the curve is connected? Are there any examples of such fillable infinite curves which are skinny at infinity?
